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We assess the applicability of the Wigner function formulation in its present form to the chiral
Magnetic Effect and noted some issues regarding the conservation and the consistency of the electric
current in the presence of an inhomogeneous and time dependent axial chemical potential. The
problems are rooted in the ultraviolet divergence of the underlying field theory associated with the
axial anomaly and can be fixed with the Pauli-Villars regularization of the Wigner function.
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I. INTRODUCTION
The chiral magnetic effect of electrically charged
fermions, proposed in [1–4], remains a subject being
actively investigated. Because of the axial anomaly, a
nonzero axial charge density controlled by the chemical
potential µ5 in an constant magnetic field B generates
an electric current along the magnetic field, which takes
the form
J =
e2
2π2
µ5B (1)
for a constant µ5 and is expected to be free from higher
order corrections because of the non-renormalization the-
orem of the anomaly. A net axial charge density can
emerge via topological charge fluctuations of QCD in a
quark-gluon plasma or via topological surface modes of
certain Weyl semi-metals. The experimental indications
of CME include the charge separation post off-central
heavy ion collisions in RHIC[5] and the negative magne-
toresistance of a Weyl semi-metal in a magnetic field[7].
The experimental situation is far from ideal in RHIC,
where the magnetic field generated via off-central colli-
sion is inhomogeneous and transient, and the thermal
equilibrium, if realized, is local. More theoretical in-
vestigations of CME are still required to enrich its phe-
nomenological predictions and solidify its experimental
evidences observed so far. The field theoretic method
[3, 8–10], holography [11, 12] and kinetic theories [13]
are the three main approaches explored in the literature.
The kinetic theory is particularly suitable to describe
a system not in a global thermal equilibrium. At its very
center lies the Wigner function that links various hydro-
dynamic quantities of the system to the Green’s func-
tions of the underlying quantum field theory. The Wigner
function was introduced in RHIC physics in [14] and ap-
plied recently to the QGP with net axial charge density
[13]. Among its successes are the reproduction of the
chiral magnetic current, chiral vortical current and axial
anomalies obtained from the field theoretic approaches at
a global thermal equilibrium, i.e., at a constant tempear-
ture and axial chemical potential. What is remarkable is
the absence of an explicit UV regularization, which is the
underlying mechanism of the axial anomaly. The more
interesting situation away from a global thermal equilib-
rium, say, with an inhomogeneous and time dependent
axial chemical potential is beyond the formulation em-
ployed in [13].
In this work, we would like to explore the Wigner func-
tion from field theoretic perspectives. We point out a
subtlety of the Wigner function being used for CME be-
cause of the ultraviolet ambiguity hidden in its formula-
tion. While the subtlety does not impact on the existing
result of [13], where the axial chemical potential is as-
sumed constant, a number of problems, including the vi-
olation of the current conservation and consistency, show
up when the axial chemical potential becomes inhomoge-
neous and/or time dependent, It implies that the Wigner
function in its present form is not complete yet to serve its
purpose of describing a non-equilibrium thermodynamics
and UV regularization is necessary. Including the Pauli-
Villars regularization in the Wigner function formalism,
the electric current extracted is conserved and consis-
tent for an arbitrarily spacetime dependent axial vector
potential. In addition, the regularized Wigner function
displays the same sensitivity to the order of the limit
when the axial chemical potential µ5 approaches to a
constant noted before [9]: The full CME current (1) is
recovered when the time dependence is switched after
removing spatilly homogeneity. A different form of the
current emerges if the order of the limit is reversed and
vanishes at thermal equilibrium.
This paper is organized as follows: The UV ambigu-
ity of the un-regularized Wigner function is discussed in
the next section. The chiral magnetic current with a
PV regularized Wigner function is calculated in the sec-
tion III. The section IV concludes the paper. Through-
out this paper, we shall stay with the Euclidean met-
ric ds2 = dxµdxµ with all γ matrices hermitian and
x4 = it for a real time t. The closed-time-path (CTP)
Green function are employed for the field theoretic calcu-
2lations since it applicable in both equilibrium and non-
equilibrium situations.
II. THE UV PROBLEMS WITH THE
UNREGULARIZED WIGNER FUNCTION
Following [13], the Wigner function for Dirac fermions
at the phase space point (x, p) is a 4× 4 matrix with its
elements defined by
Wαβ(x, p) =
∫
d4y
(2π)4
e−ip·y < ψ¯β(x+)U(x+, x−)ψα(x−) >,
(2)
where the gauge link
U(x+, x−) = e
ie
∫ x+
x−
dξµAµ(ξ) (3)
with x± = x± y2 and Aµ the gauge potential. The symbol
< ... > denotes an ensemble average, which is not nec-
essarily in a global thermal equilibrium. The Heisenberg
equations of motion of field operators involved lead to
a set of c-number equations satisfied by W (x, p), which
for the simple case without interaction, can be solved
explicitly. The electric current density can be extracted
formally from the solution W (x, p) according to
Jµ(x) = ie
∫
d4p
(2π)4
trW (x, p)γµ
= ie
∫
d4yδ4(y)U(x+, x−) < ψ¯(x+)γµψ(x−) >
= lim
y→0
Jµ(x, y) (4)
with
Jµ(x, y) = ieU(x+, x−) < ψ¯(x+)γµψβ(x−) >, (5)
but the UV divergence embedded in the operator product
at the same point makes the limit ill-defined.
To illustrate the problem, we consider a massless Dirac
field in an external electromagnetic field Aµ and an axial
vector field A5µ with the action
S =
∫
dt
∫
d3xL, (6)
where the Lagrangian density is given by
L = −ψ¯γµ(∂µ − ieAµ − iγ5A5µ)ψ (7)
The axial chemical potential µ5 in (1) corresponds to
the temporal component of the axial vector field, i.e.
A5µ = (A5,−iµ5). The spatial components are relevant
if the axial magnetic effect is related to the topological
fluctuation in QCD via A5µ = ∂µθ.
The field theoretic method to calculate the ensemble
average in (2) is the closed time path Green function
formation which was proposed in [15, 16] and was sys-
tematically developed in [17]. The time integral of the
action, (6) consists of two branches, one from −∞ to ∞
and the other from∞ to −∞ and degrees of freedom are
thereby doubled. As a result, all field variables acquire an
additional index labeling the time branch where they are
defined. Consequently, a fermion propagator becomes
SCTP(x, y) =
( S11(x, y) S12(x, y)
S21(x, y) S22(x, y)
)
(8)
where each block is a 4 by 4 matrix in Dirac space. We
have
S11(x, y)αβ ≡ < T [ψα(x)ψ¯β(y)] >
S12(x, y)αβ ≡ − < ψ¯β(y)ψα(x) >
S21(x, y)αβ ≡ < ψα(x)ψ¯β(y) >
S22(x, y)αβ ≡ < T˜ [ψα(x)ψ¯β(y)] >
(9)
where x = (x, it), T denotes time ordering and T˜ anti-
time ordering. An identity,
S11(x, y) + S22(x, y)− S12(x, y)− S21(x, y) = 0 (10)
follows from the definition (9). It is straightforward to
link the LHS of (5) to different components of the CTP
propagator, i.e.
Jµ(x, y) = − ie
2
tr[S12(x−, x+) + S21(x−, x+)]γµ
=
ie
2
tr[S11(x−, x+) + S22(x−, x+)γµ
=
ie
2
TrS(x−, x+)γµ (11)
with the trace tr acting on Dirac indices and Tr including
the CTP indices as well. The expansion of the propagator
Sab(x−, x+) to the linear power of the gauge potential Aµ
and the axial vector field A5µ reads
Sab(x−, x+) = Sab(x−, x+)
−
∑
c
∫
d4zSac(x− − z)γcρ5Scb(z − x+)A5ρ(z)
− e
∑
c
∫
d4zSac(x− − z)γcρScb(z − x+)Aρ(z)
+ e
∑
cd
∫
d4z1
∫
d4z2Sad(x− − z2)γdλ5
×Sdc(z2 − z1)γcρSca(z1 − x+)Aρ(z1)A5λ(z2)
+ e
∑
cd
∫
d4z1
∫
d4z2Sac(x− − z2)γcρ
×Scd(z2 − z1)γdλ5Sda(z1 − x+)Aρ(z2)A5λ(z1)(12)
with γ1µ = γµ, γ
2
µ = −γµ, γ1µ5 = γµγ5 and γ2µ5 = −γµγ5,
where Sab(x− y) is the free Dirac propagator. Substitut-
ing (12) and the expansion
U(x+, x−) = 1 + ie
∫ x+
x−
dξνAν(ξ) +O(A
2) (13)
3into (5) and making appropriate Fourier transformations,
we obtain that
Jaµ(x, y) = e
2
∫
d4q1
(2π)4
∫
d4q2
(2π)4
ei(q1+q2)·x
×Λabcµρλ(q1, q2)Abρ(q1)Ac5λ(q2) (14)
with the kernel
Λabcµρλ(q1, q2) = −yρδabKacµλ(q2)
−i[K(1)abcµρλ (q1, q2) +K(2)abcµρλ (q1, q2)]
(15)
where
Kabµλ(q) = e
− i
2
q·y
∫
d4p
(2π)4
e−ip·ytrγaµSab(p+ q)γ
b
λ5Sba(p)
K
(1)abc
µρλ (q1, q2) = e
− i
2
(q1+q2)·y
∫
d4p
(2π)4
e−ip·y
×trγaµSac(p+ q1 + q2)γcλ5Scb(p+ q1)γbρSba(p)
K
(2)abc
µρλ (q1, q2) = e
− i
2
(q1+q2)·y
∫
d4p
(2π)4
e−ip·y
×trγaµSab(p+ q1 + q2)γbρSbc(p+ q2)γcλ5Sca(p)
(16)
and the repeated CTP indices in (15) and (16) are not
to be summed. The momentum representation of various
components of the free CTP fermion propagator are given
explicitly by
S11(p|m) = i
p/+ i0+ −m − π
p/ +m
E
×[f(E)δ(p0 − E) + f(E + µ)δ(p0 + E)]
S12(p|m) = −πp/+m
E
{f(E)δ(p0 − E)
+[f(E)− 1]δ(p0 + E)}
S21(p|m) = −πp/+m
E
[f(E)− 1]δ(p0 − E)
+f(E)δ(p0 + E)}
S22(p|m) = −i
p/− i0+ −m − π
p/ +m
E
[f(E)δ(p0 − E)
+f(E)δ(p0 + E)] (17)
where p = (p, ip0), E =
√
p+m2, p/ ≡ −iγνpν and f(x)
is the single particle distribution function. At thermal
equilibrium f(E) = 1
eβE+1
with β the inverse tempera-
ture. For the purpose of the Pauli-Villars regularization
to be discussed in the next section, we indicate explicitly
the dependence on massm. For the massless propagators
of this section, Sab(p) ≡ Sab(p|0)
Now we show two problems coming from the limit in
(4):
1. The nonconservation of the electric current
Taking the divergence of (14), we have
∂
∂xµ
Jaµ(x, y) = ie
2
∫
d4q1
(2π)4
∫
d4q2
(2π)4
ei(q1+q2)·x(q1 + q2)µ
×Λabcµρλ(q1, q2)Abρ(q1)Ac5λ(q2), (18)
with
(q1 + q2)µΛ
abc
µρλ(q1, q2)
= −yρδab(q1 + q2)µKacµλ(q2)
−i(q1 + q2)µ[K(1)abcµρλ (q1, q2) +K(2)abcµρλ (q1, q2)]
(19)
Using the following identities of the free CTP propagator,
S11(p+ q)q/S11(p) = i[S11(p)− S11(p+ q)]
S21(p+ q)q/S11(p) = −iS21(p+ q)
S11(p+ q)q/S12(p) = iS12(p)
S21(p+ q)q/S12(p) = 0. (20)
and shifting some of the integration momenta, we find
(q1 + q2)µ[K
(1)111
µρλ (q1, q2) +K
(2)111
µρλ (q1, q2)]
= (e−
i
2
(q1−q2)·y − e− i2 (q1+q2)·y)
×
∫
d4p
(2π)4
e−ip·ytrγρS11(p)γλγ5S11(p+ q1)
+ (e
i
2
(q1−q2)·y − e− i2 (q1+q2)·y)
×
∫
d4p
(2π)4
e−ip·ytrγλγ5S11(p)γρS11(p+ q2), (21)
(q1 + q2)µ[K
(1)112
µρλ (q1, q2) +K
(2)112
µρλ (q1, q2)]
= (e
i
2
(q1−q2)·y − e− i2 (q1+q2)·y)
×
∫
d4p
(2π)4
e−ip·ytrγρS12(p+ q2)γλγ5S21(p), (22)
(q1 + q2)µ[K
(1)121
µρλ (q1, q2) +K
(2)121
µρλ (q1, q2)]
= (e−
i
2
(q1+q2)·y − e− i2 (q1−q2)·y)
×
∫
d4p
(2π)4
e−ip·ytrγρS21(p)γλγ5S12(p+ q1) (23)
and
(q1 + q2)µ[K
(1)122
µρλ (q1, q2) +K
(2)122
µρλ (q1, q2)] = 0 (24)
for a = 1 and similar equations for a = 2. We notice that
only the momentum integrals that diverges linearly in y
as y → 0 contribute to the limit (4). Therefore, the terms
in Sab(p) proportional to the distribution functions can
be ignored. Furthermore, the combination of S12(p+ k1)
and S21(p+ k2) contributes a product of delta functions,
δ(p0 + k10 +Ep+k1)δ(p0 + k20 −Ep+k2) which gives rise
to δ(k10−k20+Ep+k1 +Ep+k2) which imposes an upper
4limit of the p-integration for a fixed external momenta k1
and k2 and renders the integral UV finite. Consequently,
the only CTP components that contribute to the limit
y → 0 of (18) correspond to a = b = c = 1 and a = b =
c = 2 with the vacuum propagators, i.e. T = µ = 0. We
obtain that
(q1 + q2)µΛ
111
µρλ(q1, q2) = 4(−yρq1µǫαµβλq2β − q2 · yǫαρβλ
+q1 · yǫαρβλq2β)uα(y) (25)
and
(q1 + q2)µΛ
222
µρλ(q1, q2) = 4(−yρq1µǫαµβλq2β − q2 · yǫαρβλ
+q1 · yǫαρβλq2β)u∗α(−y) (26)
where
uα(y) =
∫
d4p
(2π)4
pαe
−ip·y
(p2 − i0+)2 = −
yα
8π2y2
. (27)
Substituting (27) into (25) and (26), we end up with
(q1 + q2)µΛ
111
µρλ(q1, q2) = (q1 + q2)µΛ
222
µρλ(q1, q2)
= − 1
2π2
(
ǫµβλρ +
yλyα
y2
ǫραµβ
)
q1µq2β . (28)
where the Schouten identity
yµǫρλαβ + yβǫµρλα + yαǫβµρλ + yλǫαβµρ + yρǫλαβµ = 0
(29)
has been employed. The coordinate representation of
(28) reads
∂
∂xµ
Jµ(x, y)
=
i
8π2
[
ǫµρβλFµρ(x)F5βλ(x) + 2ǫµραβ
yλyα
y2
Fµρ(x)
∂
∂xβ
A5λ(x)
]
(30)
where Fµν =
∂Aν
∂xµ
− ∂Aµ
∂xν
, F5µν =
∂A5ν
∂xµ
− ∂A5µ
∂xν
and the
CTP indices have been suppressed. Because of the second
term on RHS, the limit y → 0, does not exist in rigorous
sense. If we define the limit by averaging the direction of
y (after continuation to Euclidean space, i.e. y0 → −iy0),
we find 1
∂
∂xµ
Jµ(x) ≡ ∂
∂xµ
Jµ(x, 0) =
3i
32π2
ǫµρβλFµρ(x)F5βλ(x).
(31)
1 The anomalous divergence of the vector current was noted earlier
in the context of Kubo formulae [10, 18]. The problem here
appears more severe since the limit y → 0 is not well-defined
rigorously, the direction average of y is used . In case of the
point-spliting regularization of the chiral anomaly, however, the
limit y → 0 is independent of its direction, as can be shown
explicitly by the Schouten identity.
It is interesting to note that if the axial potential is a
pure gradient, A5µ =
∂θ
∂xµ
, (32) becomes
∂
∂xµ
Jµ(x, y) =
i
4π2
ǫµραβ
yλyα
y2
Fµρ(x)
∂2θ
∂xβ∂xλ
(32)
and the limit (31) following the hand-waving definition
vanishes.
2. An inconsistency
The electric current, being a functional derivative of
the quantum effective action, should satisfy the consis-
tency condition:
δJµ(x)
δAν(x′)
=
δJν(x
′)
δAµ(x)
(33)
which is generalized to
δJaµ(x)
δAbν(x
′)
=
δJbν(x
′)
δAaµ(x)
(34)
in CTP formulation because of the doubling of degrees
of freedom. The consistency condition dictates the sym-
metry property of the current-current correlator as well
as the relationship between the retarded and advanced
Green’s function of linear response. To the linear order
in the external gauge potential and axial vector potential,
the consistency condition requires
lim
y→0
[
Λabcµρλ(q
′, q − q′)− Λbacµρλ(−q, q − q′)
]
= 0. (35)
This is, however, not the case because of the UV diver-
gence. It follows from (15) that
Λabcµρλ(q
′, q − q′)− Λbacρµλ(−q, q − q′)
= −δab[yρKacµλ(q − q′)− yµKbcρλ(q − q′)]
= −i[K(1)abcµρλ (q′, q − q′)−K(2)bacρµλ (−q, q − q′)
+K
(2)abc
µρλ (q
′, q − q′)−K(1)bacρµλ (−q, q − q′)] (36)
Upon shifting the integration momentum ofK(2), we find
that
K
(1)abc
µρλ (q
′, q − q′)−K(2)bacρµλ (−q, q − q′)
=
(
e−
i
2
q·y − e− i2 q′·y
)∫ d4p
(2π)4
e−ip·y
×trγaµSac(p+ q)γcλ5Scb(p+ q′)γbρSba(p) (37)
and
K
(2)abc
µρλ (q
′, q − q′)−K(1)bacρµλ (−q, q − q′)
=
(
e
i
2
q·y − e i2 q′·y
)∫ d4p
(2π)4
e−ip·y
×trγaµSab(p)γbρSbc(p− q′)γcλ5Sca(p− q). (38)
Following the arguments after (24), the components with
a = b = c = 1 and a = b = c = 2 contribute to a nonzero
5limit of (36) as y → 0 and the consistency condition is
thereby violated. We obtain that
Λ111µρλ(q
′, q − q′)− Λ111ρµλ(−q, q − q′)
= Λ222µρλ(q
′, q − q′)− Λ222ρµλ(−q, q − q′)
= 4(yαǫµβλρ + yλǫραµβ)uα(y)(q − q′)β
= − 1
2π2
(
ǫµβλρ +
yλyα
y2
ǫραµβ
)
(q − q′)β , (39)
which implies that
δJµ(x, y)
δAν(x′)
− δJν(x, y)
δAµ(x)
=
i
2π2
(
ǫµρβλ + ǫµραβ
yλyα
y2
)
∂A5λ
∂xβ
δ4(x − x′) (40)
in coordinate space. Like the case with the current di-
vergence (32), the limit y → 0 does not exists rigorously.
For the limit defined in (31), we find that
δJµ(x)
δAν(x′)
− δJν(x
′)
δAµ(x)
=
3i
16π2
ǫµρβλF5βλ(x)δ
4(x−x′). (41)
Similar to the current divergence, the first term inside the
parentheses on RHS of (40) does not contribute if A5µ is
a pure gradient and the RHS of (41) vanishes then.
This inconsistency is related to the nonconservation of
the electric current. As the Wigner function is explicitly
gauge invariant. The current extracted from it would be
conserved if the current were a functional derivative.
Technically, the process of the limit y → 0 applied to
the axial current extracted from the Wigner function
J5µ(x) = i
∫
d4p
(2π)4
trW (x, p)γµγ5
= i lim
y→0
U(x+, x−) < ψ¯(x+)γµγ5ψ(x−) >(42)
is equivalent to the point-splitting regularization scheme
of the axial vector vertex of the triangle diagram in
textbooks and this explains why the the standard ax-
ial anomaly is generated from the Wigner function (2)
in [13]. However, the same limiting procedure for the
electric current (4) amounts to a point-splitting regular-
ization of one of the vector vertex of the same triangle
diagram and thereby violates the Bose symmetry. For
a non-chiral theory or a chiral theory with a constant
axial vector potential, this is not a problem and the elec-
tric current remains conserved and consistent as can be
shown explicitly. In more general situations, a robust
regularization scheme has to be introduced to the un-
derlying field theory before defining the Wigner function
and the Pauli-Villars regularization is such a candidate
and will be discussed in the next section.
From the regularization perspectives, the dependence
of the limit y → 0 on the direction of y may be removed
by inserting a gauge link associated to the axial vector
potential, i.e.
UA(x+, x−) = e
i
∫ x+
x−
dξµγ5A5µ(ξ) (43)
into the point-splitted current (5), between γµ and
ψ(x−). This amounts to add a term
∆Λabcµρλ = −yλ
∫
d4p
(2π)4
trγaµ5Sab(p+q1)γ
b
ρSbc(p)e
−i(p+ q12 )·y
(44)
to RHS of (15), which in turn cancels the second term
on RHS of (32) and the second term on RHS of (40).
Consequently
∂
∂xµ
Jµ(x, y) =
i
8π2
ǫµρβλFµρ(x)F5βλ(x) (45)
and
δJµ(x, y)
δAν(x′)
− δJν(x, y)
δAµ(x)
=
i
4π2
ǫµρβλF5βλδ
4(x − x′) (46)
III. CHIRAL MAGNETIC CURRENT WITH
REGULARIZED WIGNER FUNCTION
With the Pauli-Villars regularization, a set of Wigner
functions pertaining to the regulators, W (x, p|Ms), has
to be introduced before the UV unambiguous electric cur-
rent Jµ(x) can be extracted. We have
Jµ(x) = ie
∫
d4p
(2π)4
tr[W (x, p) +
∑
s
CsW (x, p|Ms)]
= ie lim
y→0
U(x+, x−)[< ψ¯s(x+)γµψs(x−) >
+
∑
s
Cs < ψ¯s(x+)γµψs(x−) >] (47)
where the regulator mass Ms → ∞ and
∑
sCs = 1. A
regulator field, ψs(x) is a spinors that generates states
with negative norms in Hilbert space. The regulators
render the limit y → 0 of the quantitiy inside the bracket
on RHS of (47) finite. Therefore the gauge link U(x+, x−)
can be set to one in what follows and we end with
Jµ(x) = −ietrγµ < ψ(x)ψ¯(x) > −ie
∑
s
Cstrγµ < ψs(x)ψ¯s(x) >
(48)
In another word, replacing the massless fermion propa-
gators in (15) with massive ones will not alter its UV
behavior. Combining (15) with the counterpart from the
PV regulators, the UV divegence cancel and the limit
y → 0 becomes trivial. As is shown in the last section,
Jµ(x) can be written in terms of the CTP propagator
S(x, y) in the presence of external Aµ and A5µ,
Jµ(x) = −ie1
2
[
TrγµS0(x, x)−
∑
s
CsTrγµSs(x, x)
]
(49)
with Tr acting on both CTP an spinor indices. The rest
of the caculation is purely field theoretic but without
6assuming particular form of the one-particle distribution
function. In place of (14), (15) and (16), we have
Jµ(x) = e
2
∫
d4q1
(2π)4
∫
d4q2
(2π)4
ei(q1+q2)·x
×ΛReg.µρλ (q1, q2)Aρ(q1)A5λ(q2) (50)
where the regularized kernel
ΛReg.µρλ (q1, q2)
=
∫
d4p
(2π)4
[
Iµρλ(p, q1, q2|0)−
∑
s>0
CsIµρλ(p, q1, q2|Ms)
]
(51)
where
Iµρλ(p, q1, q2|m)
≡ − i
2
Tr[γµS(p+ q1 + q2|m)Γλγ5S(p+ q1|m)ΓρS(p|m)
+γµS(p+ q1 + q2|m)ΓρS(p+ q2|m)Γλγ5S(p|m)]
(52)
with S(p|m) the CTP propagator of a massive spinor
and Γµ = diag.(γµ,−γµ). Because of the triviality of the
limit y → 0, the right hand sides of (21), (22), (23), (37)
and (38) all vanish with PV regularized kernels K(1) and
K(2). So do the right hand sides of (19) and (36) then,
and we end up with a conserved and consistent electric
current with an arbitrary external axial vector potential
A5µ(x). In another word, the contribution of the Wigner
functions associated to the PV regulators play the role of
the Bardeen like terms that removes the current diver-
gence and incnsistency.
The case of a constant axial chemical potential with
the PV regularized Wigner function is, however, rather
subtle. It depends on how the limit q2 → 0 is taken and
two different orders of the limit are calculated below.
Consider the order limq20→0 lim~q2→0 first. Upon set-
ting ~q2 = 0, we have q/2 = q20γ4
q20Iµρ4(p, q1, q2|m)
= −iTr[γµS(p+ q1 + q2|m)Q/2γ5S(p+ q1|m)ΓρS(p|m)
+γµS(p+ q1 + q2|m)ΓρS(p+ q2|m)Q/2γ5S(p|m)]
= Trγµ[γ5S(p+ q1|m)ΓρS(p|m)
−γ5S(p+ q1 + q2|m)ΓρS(p+ q2|m)] +Dµρ(p, q1, q2|m)
(53)
where
Dµρ(p, q1, q2|m)
≡ −imTrγµ[S(p+ q1 + q2|m)Γ5S(p+ q1|m)ΓρS(p|m)
+S(p+ q1 + q2|m)ΓρS(p+ q1|m)Γ5S(p|m)] (54)
with Γ = diag.(γ5,−γ5) and the identity
S(p+ q|m)Q/γ5S(p) = i [γ5S(p|m) + S(p+ q|m)γ5]
+2mS(p+ q|m)Γ5S(p|m) (55)
is employed. The two terms inside the first brackets of
(53) differs by a shift of the integration momentum p and
their contribution to the integration cancel each other
once regularized. Because Dµρ(p, q1, q2|0) = 0, we are
left with only the regulator contribution to the kernel,
i.e.
q20Λ
Reg.
µρ4 (q1, q2) = −
∫
d4p
(2π)4
∑
s
CsDµρ(p, q1, q2|Ms)
(56)
In the limit, Ms → ∞, the distribution functions f(E)
pertaining to the CTP propagator vanishes, and the
terms of the structure ...S12(p + k1)...S21(p + k2)... or
...S21(p+ k1)...S12(p+ k2)... are proportional to δ(k10 −
k20 + E~p+~k1 + E~p+~k2) = 0. Furthermore, the terms with
the same CTP indices, 1 or 2 contribute equally, where
the negative sign pertaining to the anti-time ordering is
compensated by the negative sign of the Wick rotation
in this case. Therefore Dµρ(p, q1, q2|m) in the integrand
of (51) can be replaced by the expression
−2mtrγµ[ 1
p/ + q/1 + q/2 −mγ5
1
p/+ q/1 −mγρ
1
p/ + q/1 −m
+
1
p/+ q/1 + q/2 −mγ5
1
p/ + q/1 −mγρ
1
p/+ q/1 −m ]
= 4m2q20
trγ5γµq/1γ4
p2 +m2
+O(q220). (57)
Consequently, we obtain for the CME that
lim
q20→0
lim
~q2→0
ΛReg.ij4 (q1, q2)
= −16iǫikjq1k
∫
d4p
(2π)4
∑
s>0
Csm
2
s
(p2 +M2s )
3
= − 1
2π2
ǫikjq1k (58)
which generates the CME current.
To evaluate the limit with the opposite order, i.e.,
lim~q2→0 limq20→0, we set q2 = (0, ~q2). As was pointed
out in [9], the difference from limit order (58) stems from
coalescence of the poles of the two propagators adjacent
to Γλγ5 in (52). In terms of the retarded (advanced)
propagator SR (SA) and the correlator Sc, defined via
S(p) = Q−1
(
0 SR(p)
SA(p) Sc(p)
)
Q (59)
with
Q =
1√
2
(
1 −1
1 1
)
. (60)
we find that
7S(p+ q)Γ4γ5S(p) = Q
−1
(
0 SA(p+ q)γ4γ5SA(p)
SR(p+ q)γ4γ5SR(p) Sc(p+ q)γ4γ5SA(p) + Sc(p+ q)γ4γ5SR(p)
)
Q (61)
The matrix elements with exclusively SR or SA are not
sensitive to the orders of limit q → 0 since integration
contour on the p0 plane can always be deformed away
from the poles and we need only to focus our attention
to the part
Q−1
(
0 0
0 Sc(p+ q)γ4γ5SA(p) + Sc(p+ q)γ4γ5SR(p)
)
Q
≡ P(p, q)
(
1 1
1 1
)
(62)
where
P(p, q) = 1
2
[Sc(p+ q)γ4γ5SA(p) + SR(p+ q)γ4γ5Sc(p)]
= −iπD(p, q)(p/+ q/)γ4γ5p/ (63)
with
D(p, q) ≡ [1− 2f(|~p+ ~q|)]δ[(p+ q)
2]
p2
+
[1− 2f(|~p|)]δ(p2)
(p+ q)2
(64)
On writing the kernel in the form
ΛReg.ij4 (q1, q2)
=
∫
d4p
((2π)4
[D(p+ q1, q2)Uij(p0 + q10, ~p+ ~q1|q1, q2)
+ D(p, q2)U
′
ij(p0, ~p|q1, q2)]
+ the terms not sensitive to the orders of limits (65)
with
Uij(p0 + q10, ~p+ ~q|q1, q2)
= −πtrγi(p/ + q/1 + q/2)γ4γ5(p/ + q/1)γjSA(p) (66)
U ′ij(p0, ~p|q1, q2)
= −iπtrγiSR(p+ q1 + q2)γj(p/+ q/1)γ4γ5p/ (67)
the difference between the two orders of the limit q2 → 0
is given by [9]
lim
~q2→0
lim
q20→0
ΛReg.ij4 (q1, q2)− lim
q20→0
lim
~q2→0
ΛReg.ij4 (q1, q2)
=
1
2
∫
d3~p
(2π)3
[
df(|~p′|)
d|~p′|
Uij(|~p′|, ~p′|q1, 0) + Uij(−|~p′|, ~p′|q1, 0)
|~p′|2
+
df(|~p|)
d|~p|
U ′ij(|~p|, ~p|q1, 0) + Uij(−|~p|, ~p|q1, 0)
|~p|2 ] (68)
with p′ ≡ p+ q1. It is straightforward to show that
Uij(|~p′|, ~p′|q1, 0)
|~p′|2 =
Uij(−|~p′|, ~p′|q1, 0)
|~p′|2
= −8P 1
~p2 − ~p′2 ǫikjq1k
U ′ij(|~p|, ~p|q1, 0)
|~p|2 =
U ′ij(−|~p|, ~p|q1, 0)
|~p|2
= 8P
1
~p2 − ~p′2 ǫikjq1k (69)
with P (...) standing for the principal value upon integra-
tion. Consequently,
lim
~q2→0
lim
q20→0
ΛReg.ij4 (q1, q2)
= lim
q20→0
lim
~q2→0
ΛReg.ij4 (q1, q2) + 4P
∫
d3~p
(2π)3
df(|~p′|)
d|~p′| − df(|~p|)d|~p|
~p′2 − ~p2
= − 1
2π2
ǫikjq1k + 8ǫikjq1kP
∫
d3~p
(2π)3
df(|~p|)
d|~p|
1
~p2 − (~p+ ~q1)2
=
2f(0)− 1
2π2
ǫikjq1k +O(q
2
1) (70)
The CME current is canceled at thermal equilibrium
where f(|~p|) = 1
eβ|~p|+1
, consistent with the statement in
the literature [9].
Note that throughout the calculation, we never relied
on the explicit form of the distribution function f(|~p|)
other than the limiting behavior f(∞) = 0. Therefore,
the result obtained in this section is more general than
that follows from the Matsubara formulation.
IV. CONCLUDING REMARKS
In summary, we point out some problems of the Wigner
function formalism in its present form because of the
UV divergence of the underlying quantum field theory.
We find that in the presence of a non-constant electro-
magnetic gauge potential and a non-constant axial vector
potential, the electric current extracted from the present
form of the Wigner function defined by (2) is neither con-
sistent (a functional derivative of some effective action
with respect to the gauge potential) nor conserved.The
issue is closely related to UV ambiguities associated to
the axial anomaly. Therefore, the present form of the
Wigner function formulation needs to be refined to be
applicable to a general chiral plasma and a robust regu-
larization scheme needs to be introduced.
8Then we explored the Pauli-Villars regularization
scheme by introducing the Wigner functions of the reg-
ulators, which remove the ambiguity of the limit y → 0
in (4) and restores the current conservation and consis-
tency with an arbitrary vector and axial vector poten-
tials. In case of an inhomogeneous and time dependent
axial chemical potential, the constant limit depends its
order. The full chiral magnetic current is recovered if
the spatial inhomogeneity is removed first but a different
chiral magnetic current emerges if the time dependence
is turned off first, which vanishes at thermal equilibrium.
This result may have phenomenological implications.
Including the QCD interactions, the Wigner function
formalism will get more complicated with UV renormal-
ization of QCD vertices. The Wigner functions of the
PV regulators, introduced in this work, may be intact
since they are tied to the axial anomaly and will not be
renormalized.
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